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 ٍيخص اىجؾش

ٍقبسّخ ثبىخشعبّخ اىَغيؾٔ اىَْطٞخ ٗثبىزبىٜ  رَزبص اىنَشاد ٍغجقخ اععٖبد عضئٞب" ثقطبعبد صغٞشح ادثعبد

شبم اعزخذاٍٖب ٗخص٘صب فٜ ٍغبه اىنجبسٛ ّٗظشا" العزخذاً قطبعبد صغٞشح فٞعزجش اىزؾنٌ فٜ اىششٗؿ ٍِ إٌٔ 

 خشعبّٞخاى ٝقذً ٕزا اىجؾش دساعخ عِ اىششٗؿ اىْبرغخ ٍِ ادؽَبه عيٜ اىنَشادٍؾذداد اىزصٌَٞ ىٖزٓ اىنَشاد. 

ٗرىل ٍِ خاله عشض اىطشغ اىؾغبثٞخ ثبدثؾبس  ٗاىَعشظٔ ىعضًٗ اّؾْبء عضئٞب اععٖبد ٍغجقخ ٗثغٞطخ االسرنبص 

اىَعَيٜ  ىالخزجبس ثشّبٍظمَب رٌ عَو  .اىغبثقخ االخزجبساد ّزبئظ عيٚ اىع٘ء رغيٞػ ٗادم٘اد اىَخزيفخ ثبالظبفخ اىٜ

ٍع  قصٜ ىيعضًٗ صبثذ عيٜ مو اىنَشاداىؾذ ادٝنُ٘  أُ االعزجبس فٜ ادخز ٍع خشعبّٞخ مَشاد رغعخ ٍنُ٘ ٍِ

ٗعَق ؽذٝذ عجق االعٖبد  اىخشعبّٜ اىغطبءعَل ٗ  ؽذٝذ اىزغيٞؼ اىٜ ؽذٝذ عجق االعٖبد ّغتمو ٍِ  دساعخ رغٞٞش

 ANSYS ثشّبٍظ ثبعزخذاً اىغبثقخ نَشادىي َّ٘رط اّشبء رٌ رىل عيٚ ٗعالٗح. اىعغػ ؽذٝذ اىزغيٞؼ ّبؽٞخ ّٗغجخ

االخزجبس اىَعَيٜ . ثْبء" عيٜ ٍبعجق رقذً ٕزٓ اىذساعخ اقزشاػ  ٍع اىششٗؿ ٗر٘صٝعٖبشنو ق ر٘افىذساعخ ٍذٛ 

 ؾغبة اىعشض ادقصٜ ىيششؿ ّزٞغخ أؽَبه اىزشغٞو ٍع ادخز فٜ االعزجبس رؤصٞش االعٖبد اىغضئٜ اىَغجق.ىغشٝقخ 

 

ABSTRACT 

Advantage of partially prestressed beams is that its cross-section is more slender 

than traditional reinforced concrete beams; accordingly it is commonly used specially in 

bridges. Control of cracking is the most important design factor due to usage of this 

slender concrete section. This paper presents a study of cracking for partially prestressed 

simply supported concrete beams that are subjected to bending moment. This study is 

based on formulas stated in different researches and codes. In addition, a program for 

laboratory tests was created using nine concrete beams, considering a constant moment 

capacity with variables which are ratios between reinforcement and prestressing steel, 

concrete cover, eccentricity of prestressing steel and different ratios of compression 

reinforcement. Moreover, analytical models have been conducted for the previous beams 

using ANSYS software to confirm cracks pattern and distribution to experimental test. 

Based on the mentioned studies, a formula has been proposed for calculation maximum 

crack width due to service loads taking into consideration effect of partial prestressing. 

 

KEYWORDS: Crack width; Ductility; Partial Prestressing; Partial prestressing ratio 

(PPR); Reinforcing index (w). 
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1. INTRODUCTION 

Cracks under full service loads are allowed in design of partially prestressed 

concrete consequently studying its effect on durability is considered as one of the main 

factors of design. Gergely and Lutz (1968) performed statistical analysis on beams and 

one-way slabs to study flexural crack control based on data for maximum crack width 

obtained from a number of sources. It was concluded that, tensile stress in steel 

reinforcement is the most important factor then the thickness of the concrete cover and the 

area of concrete around each reinforcing bar. Other factors also affect crack width but are 

not major factors like the bar diameter and the ratio of the strain at the concrete surface to 

strain at reinforcement level [10]. For partially prestressed concrete, crack width 

calculation is more complicated than non-prestressed concrete because it should be 

performed in two steps. First, the decompression stress is calculated which cause zero 

stress at prestressing steel level; second the increase of stresses after this point is the 

stresses considered in crack width calculation as a non-prestressed element. Many 

formulas have been stated for calculation of crack width based on those factors. 

This paper presents a formula to calculate crack width taking into consideration 

effect of partially prestressing based on results of experimental investigation developed to 

assess the behavior of partially prestressed beams with different ratio of partially 

prestressing, concrete cover, compression reinforcement ratio and eccentricity of 

prestressing steel. The experimental program is composed of nine beams with constant 

moment capacity and in the remaining sections of this paper; the experimental program 

will be thoroughly discussed. In addition, analytical models were created by using ANSYS 

software for checking cracks pattern and distribution only due to difficulty to obtain 

accurate crack width by using this model. Also results of a previous experiment by A.E. 

Namman and M.H. Harajli [7] has been reported and compared versus proposed formula. 

Analytical models and previous experiments indicated that results are very close to that 

conducted in the laboratory and the proposed formula. 

 

2. Experimental Work and Results  

2.1. Beams Properties and Variables 

The experimental program is composed of nine simply supported partially prestressed 

concrete beams considering a constant ultimate resistance in flexure. 

Beams dimensions were 300mm width, 450mm overall depth and 4680mm clear span; the 

28-days cube compressive strength was 38.5 Mpa. All non-prestressed reinforcement had 

yield strength of 489 Mpa and ultimate strength of 630 Mpa. On the other hand, 

prestressing steel were 15.24mm and 12.7mm, and the yield/ultimate strength were 

1765/1940 Mpa and 1840/1980 Mpa respectively. The stirrups for all beams were 10mm 

diameter bars every 200mm at mid-span and 100 at beam ends with a volumetric 

percentage of 0.40% at mid-span and 0.80% at beam ends. End plate has been erected at 

each beam ends to enhance distribution of anchor stress on concrete section. In addition, 

spiral ties 12mm diameter bar with 50mm pitch for a 500mm distance was fixed at ends to 

resist thrust force. Fig.1 illustrates detailed dimensions of all beams. The profile of 
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prestressing steel is trapezoidal erected inside a corrugated polyethylene duct 25mm 

diameter with two tubes for grouting at distance 600mm from beam ends.  

 

Figure 1: Tested beams details and sections   
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Variables are partial prestressing ratio PPR , depth of 

prestressing steel, compression reinforcement ratio and concrete cover; as shown in Table 

1. Four beams had different PPR which is the most important variable of this study, 

whereas PPR equal 0.86, 0.61, 0.41 and 0.29 assigned for beams B1, B2, B3 and B4 

respectively, while remaining beams have PPR close to partial prestressing ratio of beam 

B3; all eccentricities of prestressed steel were 155mm except for B5 and B6 were 180mm 

and 165mm respectively; compression reinforcement was 157mm
2
 for all beams except for 

B7 and B8 were 508mm
2
 and 1016mm

2
 respectively. Cover of reinforcement was 50mm 

for B9 while it was 25mm for all other beams. 

Table 1: Beams variables 

B
EA

M
 

APS 

mm2 
AS 

mm2 
AS' 

mm2 
dp 

mm 
d 

mm 
d' 

mm 
cover 

mm 

Partial 
Prestressing 

ratio PPR 

B1 
280 

(2Ø0.6") 
157 

(2T10) 
157 

(2T10) 
380 420 30 25 0.86 

B2 
197.4 

(2Ø0.5") 
452 

(4T12) 
157 

(2T10) 
380 419 30 25 0.61 

B3 
140 

(1Ø0.6") 
709 

(1T16+2T18) 
157 

(2T10) 
380 416 30 25 0.41 

B4 
98.7 

(1Ø0.5") 
857 

(3T16+1T18) 
157 

(2T10) 
380 417 30 25 0.29 

B5 
140 

(1Ø0.6") 
709 

(3T18) 
157 

(2T10) 
405 416 30 25 0.41 

B6 
140 

(1Ø0.6") 
709 

(1T16+2T18) 
157 

(2T10) 
390 416 30 25 0.41 

B7 
140 

(1Ø0.6") 
653 

(4T12+1T16) 
508 

(2T18) 
380 418 34 25 0.43 

B8 
140 

(1Ø0.6") 
653 

(4T12+1T16) 
1016 

(4T18) 
380 418 34 25 0.43 

B9 
140 

(1Ø0.6") 
762 

(3T18) 
157 

(2T10) 
380 391 30 50 0.38 

 

2.2. Prestressing Losses 

Prestressing force was applied from both ends in five steps consecutively, start by 

25% from 1
st
 end then 50% from 2

nd
 end, 75% from 1

st
 end, 100% from 2

nd
 end and last 

100% from 1
st
 end. Losses due to friction and seating of anchors are 20.5% for B2 and B4; 

while losses are 24.5% for other beams as shown in Fig 2 and Fig 3. B1 and B2 had 

additional losses due to elastic shortening of concrete 1.5% (20.3 Mpa) and 1% (15.2 Mpa) 

respectively. In addition, long term losses are also calculated (based on guidelines of 

reference [1], [8] and [9]) due to the duration between prestressing and loading time, and it 
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had a minimal effect about 1% because of short duration with a maximum one month. 

Table 2 shows summary of losses for each beam. 

 
 

Figure 2: Losses at transfer stage in Group 1- tendon 0.5” 

 

 

Figure 3: Losses at transfer stage in Group-2 tendon 0.6”  
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Table 2: Beams Losses 

 

2.3. Test Setup 

Fig. 4 shows the test set-up where beams were simply supported on hinged and roller 

supports at 150mm from both beam ends. 

 
Figure 4: Test set-up 

B
EA

M
 

Transfer Losses (Mpa) Long Term Losses (Mpa) 
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B1 168.2 173.9 20.3 1.8 5.5 2.8 372.5 26.6 

B2 88.7 197.6 15.2 4.2 4.1 4 313.8 22.3 

B3 168.2 173.9 0 8.1 2.9 3.3 356.4 25.5 

B4 88.7 197.6 0 2.3 2 3.6 294.2 20.9 

B5 168.2 173.9 0 5.3 3.1 2.9 353.4 25.3 

B6 168.2 173.9 0 1.5 2.7 2.5 348.8 24.9 

B7 168.2 173.9 0 0.8 2.7 2.4 348 24.9 

B8 168.2 173.9 0 1.9 2.7 2.8 349.5 25.0 

B9 168.2 173.9 0 3 3 2.7 350.8 25.1 
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The beams have been tested under loads till flexure failure. A hydraulic machine of 

capacity 500 KN has been used on top of stiffened steel І beam that transfer loads to two 

points on top of concrete beam spaced 1580mm at middle third of clear span. Stroke 

control system had been used to control deflection increment during applying load where 

increment starts with 0.5mm till reaching deflection 4mm, then increments increase 

gradually to be 1mm, 1.5mm, 2mm and 3mm till achieving deflection 10mm, 20mm, 

45mm and 60mmm respectively; and finally increment is 5mm till failure. At end of each 

loading cycle crack width, length and spacing were recorded. Also, strain at top and 

bottom reinforcement was measured using four electric strain gauges fixed with top and 

bottom reinforcement. In addition, horizontal linear variable differential transducers 

(LVDT) were erected on one side of beam and 40mm above bottom level. On the other 

hand, vertical deflection was measured at middle of beam and under the two concentrated 

loads by using three linear variable differential transducers (LVDT). All data from 

previous instrumentations and from load cell under hydraulic machine have been collected 

through a data acquisition system and software ―Lab view‖. 

 

2.4. Test Results 

The Nine beams were tested till failure, and a comparison between beams ductility is 

shown in Fig. 5 and it has been found that beam S1 had lower ductility due to high value 

of its PPR, while beam S8 had the higher ductility (around 2.3 times of S1 ductility) 

resulting from lower PPR and maximum compression reinforcement comparing with other 

tested beams. 

Failures of all tested beams were ductile failures as shown in Fig. 6. A comparison 

was developed between deflection from laboratory test results and calculation based on 

moment-curvature curve (refer to Fig. 7) which indicates acceptable results. 

In addition, a comparison between actual and estimated cracking-load, yield-load and 

ultimate load were presented in Table 3; it is clear that calculation for yield-load and 

ultimate load are very close to actual values with maximum difference ranging between 

0% and 13%; while cracking-load indicates less accuracy with maximum difference of 8%. 

 

Beam S1 S2 S3 S4 S5 S6 S7 S8 S9 

Ductility 3.6 4.3 5.5 4.8 6.4 4.9 6.5 7.3 5.4 

 

Figure 5: Load-deflection and ductility comparison between tested beams 
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Figure 6: Failure modes (ductile) for tested beams 
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Figure 7: Load-Strain comparison between Lab. test results and Analytical study  
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Table 3: Comparison between actual-loads and estimated-loads 

B
ea

m
 Cracking load (ton) Yield load (ton) Ultimate load (ton) 

Test Cal. Test/Cal Test Cal. Test/Cal Test Cal. Test/Cal 

S1 12.70 12.13 1.05 22.4 20.49 1.09 27.72 26.65 1.04 

S2 11.40 10.12 1.13 23.38 22.39 1.04 27.87 27.09 1.03 

S3 8.3 8.09 1.03 22.10 23.94 0.92 29.14 27.89 1.04 

S4 6.90 7.09 0.97 23.13 24.96 0.93 30.39 28.16 1.08 

S5 9.80 8.59 1.14 26.17 24.84 1.05 30.30 28.76 1.05 

S6 8.80 8.30 1.06 25.00 24.96 1.00 29.25 28.16 1.04 

S7 9.50 8.23 1.15 22.10 22.89 0.97 28.74 26.82 1.07 

S8 9.60 8.45 1.14 25.97 23.02 1.13 28.53 26.89 1.06 

S9 8.60 8.00 1.08 23.97 24.23 0.99 29.84 27.90 1.07 

 

Fig. 8 shows the major effect of PPR on crack width at service load stage of the tested 

beams. It is clear that PPR is inversely proportioned with crack width within service load 

range but at the maximum service load crack width is almost has the same value. Also it 

shows the effect of PPR in first crack load where increasing PPR from 0.29 to 0.86 caused 

increasing of first crack load by twice of its value. 

 
Figure 8: Comparison of tested beams crack width with variable PPR 
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Also, increasing depth of prestressing by 7% increased crack width at maximum 

service load level by 17% as shown in Fig. 9; thus due to increasing compression stresses 

near bottom of beam resulting from increasing moment of prestressing. 

 

 
Figure 9: Comparison of tested beams with variable dp 

Fig. 10 shows effect of compression reinforcement where increasing As‘ from 0.116% 

to 0.377% caused enhancement in crack width by 17%; while increasing As‘ from 0.753% 

to 1.25% is not effective at maximum service load. 

 

 
Figure 10: Comparison of tested beams with variable As’ 

On the other hand, concrete cover has a major effect as shown in Fig. 11 especially at 

maximum service load whereas crack width increase by 33% due change cover from 

25mm to 50mm. 
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Figure 11: Comparison of tested beams with variable concrete cover 

A comparison between cracks width, spacing and length was conducted as shown in 

Table 4; it is clear that PPR is the most effective on cracking behavior were increasing of 

PPR caused minimizing of both number of cracks and average crack width with maximum 

spacing between cracks; while its maximum crack width has a large value of 0.4mm. Also 

concrete cover minimizes number of cracks with maximum spacing but it did not enhance 

average width of cracks or maximum crack width. On the other hand, using PPR ratio 

around 0.4 enhanced maximum crack width to be 0.30mm instead of 0.40mm results from 

PPR 0.86 and thus due to increase area of reinforcement bars ( reducing tensile stresses) 

near tension side but it caused increasing of number of cracks comparing with higher 

values of PPR. 

Table 4: Comparison of Cracks within service load range 

 

B
ea

m
 Number 

of 
Cracks 

Crack Width Crack Length Crack Spacing 

Average  

Width 

(mm) 

Maximum 

Width 

(mm) 

Average 

Length 

(mm) 

Maximum 

Length 

(mm) 

Average 

Spacing 

(mm) 

Maximum 

Spacing 

(mm) 

S1 16 0.16 0.40 216 306 123 230 

S2 25 0.26 0.40 178 325 102 190 

S3 35 0.20 0.35 177 329 86 150 

S4 29 0.16 0.32 177 363 91 195 

S5 19 0.18 0.30 199 300 101 205 

S6 28 0.15 0.30 173 311 78 160 

S7 27 0.14 0.30 179 318 91 180 

S8 34 0.12 0.30 169 388 85 165 

S9 20 0.22 0.40 224 370 122 200 
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3. Analytical Model and Previous tests by A.E. Namman and M.H. Harajli [7] 

3.1. Analytical Model 

A 3D-model has been performed using ANSYS software to simulate the 

experimental test and check crack pattern and distribution. Concrete was modeled using 

Solid 65 material solver, steel and tendons were modeled using Link 180 material solver, 

mesh was chosen to be boxes (solid parts and link members) with max dimension of 50 

mm, which was found as suitable as reducing mesh to 25mm resulting in less than 2% with 

solving time of 6 multiples. Boundary limits were chosen to simulate the experiment, with 

mid-span axis of symmetry (solving half model). Loads are assigned on a steel plate with 

dimension 300*100*20 mm resting on the concrete, with bottom support of line restricted 

to move down but allowed to rotate (hinged support). 

 

3.1.1. Comparison between experimental tests and analytical model  

Cracks zone results from the analytical models were verified with corresponding 

results of experimental tests refer to Fig. 12.  

 

 

Figure 12: crack zone comparison of analytical and experimental results. 

3.2. Results of previous tests by A.E. Namman and M.H. Harajli [7] 

 

In 1984, Harajli and Naaman studied the effect of fatigue resistance of partially 

prestressing concrete beams by testing twelve sets of beams. Each set consisted of two 

identical beams; first beam subjected to cyclic load, and the second beam subjected to 

static load. The main variables for the twelve sets were the partial prestressing ratio (PPR) 

which varied as 0.0, 0.33, 0.67 and 1.0; and the reinforcing index (ῶ) which varied 

between ῶmax,  ῶmax and  ῶmax. Each set consisted of two beams; first subjected to 

static load till the ultimate load while the second subjected to cyclic load between 40% and 

60% from the maximum static load. Fig. 13 show beams properties. This study highlights 

results of the partial prestressed beams only which is indicated as PP1-S1, PP1-S2, PP1-

S3, PP2-S1, PP2-S2 AND PP2-S3; results were compared with proposed formula, refer to 

Table 5. 
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Figure 13: Beams details of test conducted by A.E. Namman and M.H. Harajli  

4. Proposed formula for effective inertia and discussion  

Table 5 shows a comparison of crack widths based on results of experimental tests, 

previous experimental test by A.E. Namman and M.H. Harajli [7] and formulas suggested 

by others [2], [3], [5] and [6]. It is clear that a formula given by Eurocode 2 [4] is the most 

accurate but it needs modification to consider PPR by multiplying the equation by a factor 

ψ=1.40 for PPR ≥ 0.5 and ψ=1.0 for PPR < 0.5. 
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Table 5: Comparison of crack width using proposed formula and other methods 

 
    

5. Conclusion 

Based on results of tested beams and results of previous tests, the following 

conclusions can be deduced:  

j. Proposed formula gives acceptable results with maximum difference around 20%. 

k. PPR (consequently tension stress in reinforcement) is the most effective factor for 

maximum crack width, number of crack and crack spacing. 

l. PPR value between 0.30 and 0.4 is recommended for non-severe exposure. 

m. PPR more than 0.40 needs additional reinforcement for control of crack width.  

n. Prestressing level is inversely proportionate with ductility, and engineering judgment 

is required to benefit from enhancement of crack control and the required ductility 

level.     

o. Further studies are recommended for studying the effect of above mentioned variables 

with high strength concrete. 
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