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 ملخص البحث
ية لفترة تصميمأساس التصميم الإقتصادي للمنشآت الهيدروليكية يعتمد على التقدير الصحيح للتصرفات القصوى ال

صميم, لة في التة فعازمنية مستقبلية. و حيث أن تقنية تحليل التوزيعات الإحتمالية تعتبر نمذجة رياضية مهمة و آدا

دوال ربعة لأإل -طريقة العزومبتحليل التوزيعات الإحتمالية في الموقع  لى نمذجةع لذا تم التركيز في هذا البحث

ها على كما تم تطبيق (GEV(، وتوزيع )GPA(، توزيع )LOG(، توزيع )EV1و هي: توزيع )توزيعات إحتمالية 

ى رق علتصرفات مسجلة لأربعة محطات قياس على نهر كاجيرا, نهر بحر الجبل, النيل الأبيض و النيل الأز

و  فضلالأتعتبر GEVنتائج التصرفات لكل محطة قياس تبين أن دالة توزيع  و مقارنة بتحليل وض نهر النيل.ح

 الأكثر دقة لتطبيقها فى التنبؤ بتقدير التصرف التصميمي.

Abstract 
Economical design of pivotal hydraulic structures are almost possible with correct and 

realistic estimation of future design quantile magnitude for a certain return period. If 

appropriate and enough data records are available, at-site frequency distribution analysis 

is applied to estimate a design flow on a river or stream. In this paper, ’at-site method’ 

of frequency analysis is localised and discussed including the L-moments method on 

four distributions functions; namely: Gumbel's Extreme value type 1 distribution (EV1), 

Logistic distribution (LOG), Generalized Pareto distribution (GPA), and Generalized 

Extreme Value distribution (GEV) were selected. L-moments method is applied for 

fittings these distributions to annual peak flow of four selected stations in Nile River 

tributaries, and outcome estimates thus obtained are compared. Results from this 

comparative study represented that the quantile estimates by GEV provides a better fit to 

peak/maxima flow than other distributions, whereas the Gumbel distribution gives less 

fitting accuracy. 

Keywords: Frequency Analysis, L-moments, Probability Distribution Function, 

Quantile Estimates. 

1. Introduction 
The frequency distribution analysis is the generally used execution for estimating the 

design peak discharge of a certain return period on a river or stream in many water 

resource valley projects. In other words, frequency analysis is an efficient tool in design 

which reduces the cost of the projects due to employment of the forecasting techniques. 

Many Frequency analysis approaches exist in the literature. Benson (1968) and Vogel et 

al. (1993) used several distributions for describing flood flows in the USA. Felício 

Cassalho et al. (2018) studied at-Site flood frequency analysis coupled with 

multiparameter probability distributions.  

The parameters of frequency distribution functions can be evaluated by several 

methods. The method of moments and the maximum likelihood method have been 

widely used. Recently, the L-moments technique, Hosking (1990), has been vastly 
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utilized for estimating the parameters, spatially for the inverse form probability 

distributions because it have some important advantages such as capability of yielding 

good parameter estimates that are almost unbiased and more accurate, Stedinger et al. 

(1993). 

For the design of control structures, a design return period T-years is often required to 

calculate the estimation discharges from the best-fit distribution function. The selection 

of best distribution function in the studied four stations on Nile River tributaries with 

the available records will definitely help the planners and administrators to estimate the 

design flow discharge. This paper offered a comparative consideration made to decide 

which distribution represented the statistical feature of observed flow discharge data in 

order to be utilized for predicting design discharge of different return periods for 4 sets 

of peak/maxima discharges on the Nile River tributaries. 

2. Methodology 

Frequency distribution functions: 
There are numerous forms of theoretical probability frequency distribution functions 

that had been successfully applied to hydrologic data. The frequency distribution 

functions commonly used for this study are: Gumbel's Extreme value type 1 distribution 

(EV1), Logistic distribution (LOG), Generalized Pareto distribution (GPA), and 

Generalized Extreme Value distribution (GEV).  

Extreme Value type 1 distribution (EV1) or Gumbel distribution 
EV1 distribution is a double exponential distribution. It reads as in Eq. (1). 

 FX lnln                (1) 
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where, α and ξ are the EV1 distribution parameters, l1 and l2 are L-moments. 

Logistic distribution (LOG) 
The log-logistic distribution is a continuous probability distribution which are used to 

model stream flow in hydrology. The inverse cumulative distribution function (quantile 

function) of the LOG distribution is defined as follows: 
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where, α and ξ are the LOG distribution parameters, l1 and l2 are L-moments. 

Generalized Pareto distribution (GPA) 
The generalized Pareto distribution is a three-parameter distribution that contains 

uniform, exponential, and Pareto distributions as special cases. The GPA is also a 

special case of the Wakeby distribution. The GPA reads as in Eq. (7). 
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https://en.wikipedia.org/wiki/Continuous_probability_distribution
https://en.wikipedia.org/wiki/Hydrology
https://en.wikipedia.org/wiki/Inverse_function
https://en.wikipedia.org/wiki/Quantile_function
https://en.wikipedia.org/wiki/Quantile_function
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where, α, ξ and k are the GPA distribution parameters, τ3 is L-SKEWNESS (L-CS), l1 

and l2 are L-moments.  

Generalized Extreme Value distribution (GEV) 
The Generalized Extreme Value (GEV) distribution is the basic distributional tool, in 

contrast to classical statistical inference which focuses on central measures of a 

distribution and where the normal distribution is the reference. The GEV distribution is 

often used as an approximation to model the maxima of long (finite) sequences of 

random variables. The distribution function of the GEV is of the form: 
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where, α, ξ and k are the GEV distribution parameters, τ3 is L-SKEWNESS (L-CS), l1 

and l2 are L-moments.  

Plotting position 
Different Plotting positions have been widely used in older to hydrologic applications; 

the method of plotting positions is based on the first creating a visualization of the 

sample distribution and then performing a curve-fit between the chosen distribution and 

the sample. In this study, Gringorten Formula (1963) is applied on to the samples. 
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Where: P(x) is the exceedance probability, N is the sample size, and m is the rank of the 

observations in ascending order. 

3. The Study Area 
A total of 4 series flow quantile data have been adopted for this study for the calculation 

of theoretical frequency distribution function, on gauging stations of Nile River 

tributaries namely Kagera River at Kyaka Ferry, Bahr el Jebel at Mongalla, White Nile 

at Malakal and Blue Nile at Sennar, as shown in Figure 1. 
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Figure 1.Political Map of the Nile River Basin. 

The result of frequency distribution depends on the length of the hydrological series. If 

the observed data sample is too small the predictions about the future discharges cannot 

be expected to be reliable, Therefore, Studies have revealed that records shorter than 20 

years should not be used in the frequency analysis. In the present study, the available 

discharge data records length differs from 32 till 62 years. The data used are 

summarized in table 1.  

Table 1: Discharge data of 4 - stations of the Nile River Basin and its tributaries. 

Number of years Period of Record Station and River Serial number 

32 1940-1971 Kagera River at Kyaka Ferry 1 

62 1912-1973 Bahr el Jebel at Mongalla 2 

62 1912-1973 White Nile at Malakal 3 

62 1912-1973 Blue Nile at Sennar 4 
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4. Results and Analysis 
This section offered the at-site frequency analysis results of four selected probability 

distributions (i.e. EV1, LOG, GPA and GEV) for four sets of peak flow of Nile River, 

Gringorten Formula and L-Moments Method. A computer programs in Microsoft 

FORTRAN-90 PowerStation 4.0 language and Microsoft Visual Basic 6.0 program of 

the selected distributions have been created. The calculation of T-years 2, 5, 10, 20, 50 

and 100 years quantiles for 4-stations using the above mentioned distributions is as 

tabulated in Table 2. 

The results are used to create the probability plot and frequency curves for different 

rivers. Figures 2-5 illustrated the outcome curves of four distributions used with 

Gringorten Formula. From the results and analysis, it is seen that the estimation 

quantiles of GEV distribution is always nearest to all observed data except at Kagera 

River at Kyaka Ferry station followed by GPA distribution. To get accurate assess, the 

comparison criterion of Root Mean Square Error (RMSE) is used to provide the best fit 

of a distribution function. The RMSE was computed as: 

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑(

𝑄𝑜𝑏𝑠.−𝑄𝑐𝑜𝑚𝑝.

𝑄𝑜𝑏𝑠.
)2                                                                                       (10) 

The comparison of four distributions has been based on the results at upper tail P(x) 

≥0.5 when T(x) ≥ 2. Table 2 gives the summarization of goodness of fit-results for the 

frequency distributions used at each station. This analysis also showed that GEV 

distribution provided the best fit results of all while EV1 distribution presented inability 

of fitting. 

Table 2: Estimation of Peak Discharge by Different Frequency Distributions for various 

return periods and the comparison criteria. 

 Return 

period 

(Year) 

2 5 10 20 50 100 RMSE 

(a) Kagera River at Kyaka Ferry 

Qobs. 559.17 918.53 1127.21 1295.97 1331.20 2334.50  

LOG:   XT 653.59 813.12 906.43 992.42 1101.43 1182.36 0.176423 

EV1:    XT 688.57 828.42 887.88 931.56 975.87 1002.65 0.141984 

GEV:   XT 569.23 860.19 1066.10 1264.58 1518.73 1706.16 0.089342 

GPA:   XT 572.59 868.54 1002.31 1068.58 1134.39 1996.95 0.067662 

(b) Bahr el Jebel at Mongalla 

Qobs. 3060.00 4844.76 5253.11 6255.81 7341.43 7348.46  

LOG:   XT 3486.32 3936.49 4199.82 4442.46 4750.10 4978.48 0.192322 

EV1:    XT 3585.03 3979.67 4147.46 4270.74 4395.77 4472.19 0.175111 

GEV:   XT 3133.07 4428.09 5322.21 6172.48 7248.59 8034.83 0.062556 

GPA:   XT 2997.29 4773.43 5653.28 6152.54 6471.70 6581.42 0.055475 

(c) White Nile at Malakal 

Qobs. 3313.44 3871.27 4572.64 4869.87 6111.54 6364.67  

LOG:   XT 3520.66 3696.87 3799.95 3894.92 4015.34 4104.74 0.137254 

EV1:    XT 3559.30 3713.77 3779.45 3827.71 3876.65 3906.56 0.128691 
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GEV:   XT 3284.13 3948.28 4467.35 4995.90 5705.65 6249.32 0.054138 

GPA:   XT 3191.14 4136.80 4709.04 5056.56 5286.49 5366.86 0.023744 

(d) Blue Nile at Sennar 

Qobs. 15100.00 17239.86 18355.74 19498.71 24071.58 24423.16  

LOG:   XT 15378.63 15475.48 15531.94 15583.42 15644.78 15695.94 0.133942 

EV1:    XT 15357.39 15471.62 15547.01 15618.54 15705.57 15778.79 0.134658 

GEV:   XT 15240.74 17663.56 18953.47 20019.81 21215.96 22009.24 0.057945 

GPA:   XT 15189.56 18147.61 19195.34 19729.12 20052.40 20160.66 0.036385 

 

 

Figure 2: Frequency Curve at the Kagera River at Kyaka Ferry 

 

Figure 3: Frequency Curve at the Bahr el Jebel at Mongalla 
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Figure 4: Frequency Curve at the White Nile at Malakal 

 

Figure 5: Frequency Curve at the Blue Nile at Sennar 

5. Conclusions  
The results submitted a precept for selecting the GEV distribution using L-moments for 

modeling at-site quantile series as the best distribution than other candidates for 

estimating the design discharges in Nile River tributaries. However the GPA 

distribution could also be used as followed by GEV distribution. Thus, both GEV and 

GPA distributions are good estimating annual peak discharge in the Nile River Basin. 
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